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On revenue maximization for selling multiple
independently distributed items
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Consider the revenue-maximizing problem in which a single seller
wants to sell k different items to a single buyer, who has indepen-
dently distributed values for the items with additive valuation. The
k =1 case was completely resolved by Myerson'’s classical work in
1981, whereas for larger k the problem has been the subject of much
research efforts ever since. Recently, Hart and Nisan analyzed two
simple mechanisms: selling the items separately, or selling them as
a single bundle. They showed that selling separately guarantees at
least a c/log® k fraction of the optimal revenue; and for identically
distributed items, bundling yields at least a c/log k fraction of the
optimal revenue. In this paper, we prove that selling separately guar-
antees at least c/log k fraction of the optimal revenue, whereas for
identically distributed items, bundling yields at least a constant frac-
tion of the optimal revenue. These bounds are tight (up to a constant
factor), settling the open questions raised by Hart and Nisan. The
results are valid for arbitrary probability distributions without restric-
tions. Our results also have implications on other interesting issues,
such as monotonicity and randomization of selling mechanisms.

auction | mechanism design

n the multiple-items auction problem, a seller wants to sell k

different items to n bidders who have private values, drawn
from some probability distributions, for these items. Economists
are interested in studying incentive-compatible mechanisms
under which the bidders are incentivized to report their values
truthfully. One central question is how to design such mecha-
nisms that can yield the maximal expected revenue for the seller.

The single item case (k=1) was resolved by Myerson’s classic
work (1) for independently distributed item values. The general
case of multiple item (k> 1) is much subtler and not yet com-
pletely solved. In recent years, it has been the subject of intensive
studies by both economists (e.g., refs. 2-7) and computer scien-
tists (e.g., refs. 8-12). In particular, when the inputs are discrete,
much progress has been made on the efficient computation of the
optimal mechanism. Another line of investigation is to design
simple mechanisms for approximating optimal revenues (13-15)
in various situations, such as in the unit-demand setting. For fuller
reviews and discussions of the literature, we refer the reader to
the papers by Hart and Nisan (16), and Cai et al. (12), and the
references therein.

There remain important aspects of the multiple-item auction
that are not yet well understood. Most of the known results put
restrictions on the distributions (such as refs. 12, 15, and 17). As
noted in ref. 16, a precise characterization of optimal mechanisms
is still wanting for general distributions, even for simple cases such
as for one bidder and two items. The subtlety can be appreciated
by considering the following three examples. If the two items are
independent and identically distributed over values {0,1} uni-
formly, then selling them separately at price $1 each yields rev-
enue 1, which is better than bundling (with optimal bundle price
$1 and revenue 3/4). However, if the values are uniform over
{1,2}, then selling them separately (at an optimal price of $2
each) yields revenue 2, which is worse than bundling them to-
gether for price $3, with revenue 3-3/4=2.25. In the third ex-
ample, let F be the distribution that takes values {1,2,4} with
probabilities {1/6,1/2,1/3}. In this case, the unique optimal
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mechanism (see ref. 7) is to offer the buyer the choice between
a 50% lottery for buying any single item for $1, and buying both
surely as a bundle for $4. (The reader may refer to refs. 3 and 16
for more examples and discussions.)

It is also not known how to characterize the optimal revenue
(up to a constant factor) when there is one bidder and k items for
large k; it is unsolved even for ER, the equal-revenue distribution
as defined in ref. 16 (i.e., when all items have independent cu-
mulative distributions F(x)=1-1/x forx>1).

In the hope of addressing the above issues, Hart and Nisan
(16) investigated the case of one bidder (n=1) and k> 1. They
obtained interesting structural results that are valid for all dis-
tributions, and applied them to obtain performance bounds on
two natural mechanisms: selling each of the k items separately,
and selling all of the & items as a single bundle. Specifically, they
showed that selling separately guarantees at least a c/log® k
fraction of the optimal revenue; and for identically distributed
items, the bundling mechanism yields at least a c¢/log k fraction
of the optimal revenue.

In this paper, we prove that selling separately guarantees at
least ¢/log k fraction of the optimal revenue, whereas for identi-
cally distributed items, bundling yields at least a constant fraction
of the optimal revenue. These bounds are tight (up to a constant
factor), settling the open questions raised (16). Our results also
have implications on other interesting issues, such as monotonicity
and randomization of the selling mechanisms.

It is worth emphasizing that our results are valid for arbitrary
distributions without restrictions, in the same spirit as the results
of ref. 16. We present a technique called the “core-tails (CT)
decomposition” (3. CT Decomposition and the Core Lemma) for
analyzing the revenue of general distributions, which may be
useful for removing the restrictions in previous works such as
refs. 12 and 15.

1. Notations and Preliminaries

We follow the notations in ref. 16. A mechanism for selling k
items specifies a (possibly randomized) protocol between a seller
and a buyer who has a private valuationx = (x1,x, .. .,x) (Where
x; >0) for the items. The outcome is an allocation specifying the
probability g;(x) of getting each of the k items and an (expected)
payment s =s(x) from the buyer to the seller.

The buyer is assumed to act in his self-interest, behaving ra-
tionally (paying no more than his value for the goods received),
and reporting his valuation x’ = (x{, ... ,x;) of the k items so as to
maximize his utility. Therefore, as is common in economics the-
ory, we consider only mechanisms aligned with these two con-
siderations, so that the buyer is willing to participate and has
incentive to report truthfully (that is,x’ = x, the true valuation of
the items). Precisely, we require the mechanism to be individually
rational (IR) so that the buyer utility b(x) =), x;q;(x) —s(x) is
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nonnegative for all x, and also incentive compatible (IC) so that
for all x,x", >~ xigi(x) —s(x) > >, xigi(x") —s(x”).

For a cumulative distribution F on Rk (k>1), let REV(F)
denote the maximal (expected) revenue E, . ~(s(x)) obtainable by
any incentive compatible and individually rational mechanism. We
consider two simple mechanisms: (i) selling each item separately,
where each item i has a posted price p; so that the buyer can
decide whether or not to take the item; and (i) selling all of the
items as a bundle with a fixed price, so that the buyer gets the
whole bundle or nothing. It is easy to see that both mechanisms
are IR and IC. Let SREV (F) be the maximal revenue obtainable
by selling each item separately, and BREV (F) be the maximal
revenue obtainable by selling all of the items as a bundle.

Let X =(Xj,...,Xx) with values in R¥ distributed according
to F. The notation REV (X), SREV (X), BREV (X ) will be used
interchangeably with REV (F), SREV (F), BREV (F). Note that
we have SREV (X) =REV (X1)+ -+ REV (X)) and BREV (X ) =
REV(X] + - +Xk).

In this paper, we consider only independently distributed item
values, i.e., F =F X --- X Fj,, where F; is the cuamulative distribution
of item i and the F; values are not necessarily identical. Clearly,
SREV (F)=Y"% ,REV (F;). For a one-dimensional distribution F,
Myerson’s characterization of the optimal values gives the following:

REV (F)=SREV (F)=BREV (F)=supp - Pr,.p{X >p}.
p>0

For k> 1, characterizing the optimal value REV(F) is a subtler
issue and has been the subject of extensive studies. Here, we only
list some results from ref. 16 that will be needed for our paper.

Theorem 0. [See Hart and Nisan (16).] There exists a constant co >0
such that, for all k >2 and F =F1 XFy X --- X Fy, where each F; is
a one-dimensional distribution,

Co
(log, k)z

also when all F; are identical (F; =F for all i),

SREV (F) >

REV (F);

Co

BREV (F) >
(%)= log, k

REV(F).

Hart and Nisan (16) raised the question whether the above two
bounds can be replaced by c¢/log, k and c, respectively. Such bounds
would be tight, as the choice of Fi(x)=1-1/x for xe[l, o)
(1<i<k) achieves these lower bounds. [It was shown in ref. 16 that,
for this 7, SREV (F) =0(k) and REV (F) >BREV (F) = 6(k log k).]
Our main result is to answer this open question affirmatively.

We need the following structural results from ref. 16 as useful
tools. First, it is obvious that

REV (Fjy XxF;, X - XF; )< REV(F1 xXFy % --xFy), [1]
forany 1<ij<ip<---<in < k.

Lemma A. (See ref. 16.) Let X and Y be multidimensional random
variables. If X, Y are independent, then REV (X,Y) <2(REV (X) +
REV(Y)).

Notation. Let Z be a k-dimensional random variable. For any
(measurable) subset S of R’jr, let 175 be the indicator random var-
iable that takes on the value 1 if Z€ S and 0 otherwise. We some-
times write 1z, Z as 1, Z for brevity when there is no confusion.

Lemma B. (See ref. 16.) (Subdomain Stitching) Let S1, S, ..., S¢ be
(measurable) subsets of RX such that Ui<i<S; contains the support
of Z. Then

Li and Yao

i:REV(ls‘Z) > REV (Z).
i=1

Lemma C. (See ref. 16.) For every k>2 and F =Fy XFy X -+ X F},
where F;=F are independent and identical distributions, we have
BREV (F)>1SREV (F).

2. Main Results

For any one-dimensional distribution F, let rp = sup,,ox(1 - F(x)).
Myersons’ classic result says that REV (F) =rp. For a k-dimensional
distribution F, we introduce the concept of the core of F and prove
that it plays an essential role in determining REV (F).

Definition: Let F =F| X F, X --- X Fj be a k-dimensional distri-
bution, where F; are independent one-dimensional distributions
(not necessarily identical). Define the core of F to be the finite
k-dimensional interval as follows:

CORE(F) =10,krg,] x [0,krg,] % -+ X [0, krg,].

Let Xr be the random variable distributed according to F.
Our first result is a structural theorem, identifying CORE(F) as
the critical domain that determines how much revenue can be
extracted beyond simply selling each item separately.

Remarks: Without loss of generality, we can assume that 7y, < oo
for all i; otherwise, Theorems 1-3 will be trivially true as all rev-
enues will be infinite.

Theorem 1. There exist constants c,c’ >0 such that for every integer
k>2 and every F =F XF, X --- X Fy,

REV (F) < ¢ REV (1corpr)X7) + ¢/ SREV (F).
Theorem 1 reduces the original problem dealing with dis-
tributions over infinite range into a problem over a finite range,

making it possible to use the law of large numbers for our analysis.

Theorem 2. There exists a constant ¢ >0 such that for every integer
k>2 and every F =F XF, X --- X Fy,

SREV (F)>

C
e, REV (F).

For identically distributed F;, we show that bundling achieves
optimality to within a constant factor.

Theorem 3. There exists a constant ¢ >0 such that for every integer
k>2and every F =F; X Fy X --- X Fy, where F; =F are independent
and identical distributions, we have the following:

BREV (F) > ¢ REV(F).

Theorems 2 and 3 answer an open question raised in Hart and
Nisan (16); and by the examples given there, these bounds are the
best possible.

Theorem 3 also gives insight into the issues of nonmonotonicity
and randomization. Hart and Reny (7) observed a counter in-
tuitive phenomenon: there exist one-dimensional distributions F1, F,
where F, stochastically dominates F,(i.e., Pr{X,>x} > Pr{X; >x}
for all x), yet REV (FyXFi)>REV(F,XxF,). It raised an in-
teresting open question how large this nonmonotonicity differ-
ence can get. Theorem 3 yields as easy corollary that the above
anomalous ratio of the revenues is bounded by a constant.

Corollary 1. There exists a constant ¢ > 0 such that for any k >2 and
any one-dimensional distributions Fy, F, where F, stochastically
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dominates Fi, we have REV(F,)>c REV(F1) where Fi=
FixFyx---xFy (k times) and Fr=Fy; xF; X ---xF, (k times).

The corollary is true because BREV is monotonic in the sense that
BREV (F,) > BREV (F,) if F, stochastically dominates F;. Theo-
rem 3 also implies a constant factor between the revenues of de-
terministic auctions versus randomized ones. Let DREV (F) denote
the maximum revenue derivable by any deterministic /C and IR
mechanism. Noting that bundling is a deterministic mechanism, we
have the following.

Corollary 2. There exists a constant ¢ > 0 such that for any k >2 and
F=FXFX---xF(k times) where F is any one-dimensional dis-
tribution, DREV (F) > cREV (F).

In the ensuing sections, we will prove Theorems 1 first, followed
by Theorems 2 and 3. Theorem 1 provides the basis for focusing
attention on CORE(F) only in analyzing mechanisms such as SREV
and BREV, while ignoring contributions involving any tail compo-
nents. We first introduce this CT decomposition and study its pro-
perties in the next section, before proving Theorem 1 in Section 4.

3. CT Decomposition and the Core Lemma

In this section, we discuss a technique called CT decomposition
for partitioning a multidimensional distribution into “core” and
“tails,” such that the optimal revenue can be effectively esti-
mated by focusing only on the core part. This decomposition is
key to our analysis of various mechanisms. We let k > 2.

3.1. CT Decomposition. Definition: Let F =F; XF, X ---XFy be a
k-dimensional distribution. For any subset AC{1,2,...,k}, let
T4 be defined as T4 =V xV, x---xVy where V; = (krg,, 00) if
i€A, and V;=[0,krp] if jEA.

Thus, Ty = CORE (}" ) and the entire region R¥ is decomposed
into 2% components:

R =Upqu<k T4 = CORE(F) U (UyngTa). [2]

We are interested in the tail distributions obtained by restricting
F to T4 where A # (. In fact, we will only be interested in those
nonempty 4 for which all of its tail sections have positive weights.
We give precise definitions in the following.

Definition: Define pp, =1 — F;(krg,) = Pry..p,{X > krg, }. Note that
it is always the case that pp, # 1; otherwise, the revenue at price
krg, is positive and equal to krg,, exceeding the maximum revenue
rr,, which is a contradiction.

Definition: A subset AC{1,2,...,k} is said to be proper (rela-
tive to F), if A#@ and pg, >0 (and hence rg, > 0) for all i €A.
Denote the collection of all proper subsets by A.

We next define formally the tail distribution obtained by res-
tricting F to T4, for any proper A € A. To do so, we first split
each one-dimensional distribution F; at x=krp, into two dis-
tributions FC, T as follows.

Definition: Let F; be a one-dimensional distribution with
0<rp, <oo and pr, > 0. Let FC, FT be two distributions obtained
from F; by restricting the random variable X ~F; to (—o0, krg,],
and to (krg,, o), respectively, properly normalized. Define

1
Fi(x if x&(—o0,krg],
Feg=] Topn %) (oo k)
1 if xe€(krg,);
0 if xe(—o0,krg],
Flo=q  1-F

1 if xe(krp, ).

PF,

Remarks: To simplify the notation, we sometimes abbreviate
g, as 1;, and pg, as p; when there is no confusion. It is also
convenient to extend the definition of F'C to include those F;

11234 | www.phas.org/cgi/doi/10.1073/pnas. 1309533110

for which pr, =0 by simply letting FE(x) =F;(x) for all x (but
still leaving FT undefined) in such cases.

It is easy to check that F©(x) and F} (x) are continuous from
the right and monotone nondecreasing in their values ranging
from O to 1, and thus are indeed valid distributions. We are now
ready to define the family of tail distributions of F.

Definition: For any proper subset A € A, let A= {i; <iy <+ <ip}
and A = {j; <j» <'** <jk—m }. Define

Tail _ T o 5T T
Fa'=F XF, X xXF; ,

Fa o = Ej XEFp X XE
Let 74 = F ;! x 4 be the resulting distribution defined over
region T4. We refer to the family of distributions {F 4|4 € A} as
the tail distributions of F induced by the CT decomposition.
Note also that the probability that the value of X falls in the
region T4 is equal to p}*' x p$'® where

Tail
P4 ' =Piy X Piy X+ X Djy, 5

pgorez (1 _p].l) X (] —sz) X oo X (l —pjkim).

Finally, we finish this section with some bounds on the basic
parameters of FC and F.

Lemma 1. pp, <1and 1 -pp>1-1.
Proof: By definition of rp, we have (krg) -pr=krp(1—
Fi(krp,)) < rF,. .

T . T
Lemma 2. rpc <5, and if pr, >0 then rgr <L
i i i i

Proof:

F
Note thatrge= sup x(1-FF(x))= sup x(l— (x))

! OSXS/G’F[ OSXS/O’F[

<

sup x(1-F;(x)) < .
1-pr, OSXSIkDrF‘- ( i) 1-pF,

If pr,> 0 thenrpr = sup x(1-F/'(x))

XZk}‘FI
<L supx(1—Fyx) =%
_pF,’ ng ' PF,.

O

3.2. The Core Lemma. We now prove a key structural result, which iso-
lates the contributions of the tail regions from that of the core region.

Lemma 3. (Core Lemma)
REV(F) < (8¢ = T)REV (1core (7 Xr)

+2) plt-REV (F{™).
AeA

Proof: By Subdomain Stitching (Lemma B) and Eq. 2, we have

REV(F) < REV (1corerXr)+ Y REV(17,Xr)
1<|A|<k 3]
= REV (1corerXr) + »_ REV(17,XF),
AeA

where we used the fact that 17, Xr=0if 4 ¢ A. For any 4 € A,

Lemma A of 1. Notations and Preliminaries implies the following:

Li and Yao
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REV(lTAX]:) pTall pCore REV (]:Tall % ]:C(Jre)
Spﬁaﬂ .pgore . (REV(]_-}I"aﬂ) +REV (fgore)) .
[4]

Note that, by Eq. 1

V ( f/%orc) REV ( ]_-Core ]_—ZC(Jre X X ]_—]((Z(Jre)
H —p0)'REV (1coresXr) [5]
(=
4 REV (1corerXr),

where we have used Lemma 1 to conclude [, (1—-p,)~" < 4.
We have from Egs. 3-5 that

REV(F) < (1 +8 Z pATa“>REV(1CORE(f)Xf)
AeA

+2)  pial.REV (FF).
AeA

As all p; <1/k by Lemma 1,

k
D pE<YT >" pupnepi

AeA m=1i1<.--<ij
<Z< >l/k
kg
sz;ln?ﬁe—l.

We have thus proved Lemma 3.

O

4. Proof of Theorem 1

To prove Theorem 1, we will bound the second term on the
right-hand side (RHS) of Lemma 3 in terms of SREV (F). By

Lemma 2, rgr 5%: ;ij By Theorem 0 of 1. Notations and Pre-
]

liminaries, we have for any 4 € A

(logy (m +1))*

REV (F3*) < . SREV (F3)
0
_ (logy(m +1))?
= o (FF?; +I‘F£ + - +rFt’Tn)
log(m+1))* iy ry - mi )
€o Di,  Di, Di,

Noting p; <1/k from Lemma 1, we have
ijail 'REV(]:};ail)

AeA
1 < (logy(m+1))>
S%;Th;i (riy #1342 413,
[6]
1 & (logy(m+1)? (kK \m
—QET m E(r1+r2+"'+rk)

<L ( > 7(10%,% J{;) )2) SREV (F).

Li and Yao

It follows from Eq. 6 and Lemma 3 (the Core Lemma) that
REV (F) <c REV (1core(r)Xr) +¢' SREV (F),

where c=8¢—7 and ¢’ =2 (Z"N(k’(grﬁ#l)) This completes the
proof of Theorem 1.

5. Proof of Theorem 2

Because of Theorem 1, it suffices to analyze REV (1core(r)XF)-
Note that

:|»

REV (1corerXr) = | | (1 —pr)REV (F{ x

pF ZE 'NFC

- X Ff)

i

E»u

—

i=

Now, by standard argument,

E, pc(Y;)= /dFC(y //1ddeC
0 0

//1 dFf(y) /Pr{Y >s}ds.
Note that
1- ! Fi(s) < ! (1=Fi(s)) s€][0,kr]
Pr{Y;>s} = l-pr, "7 1-pr ’ e
0 Se(kr,-,oo).
Therefore,
) 1 kr;
/Pr{Y,' >s}§1_ /(1—F,'(s))ds.
0 i

The integral on the RHS satisfies the following:

kr; ki
/(1 Fils ds</ds+/1 Fils))ds
0 i
ki
Sri+/ﬂds
N
—(1+In k) r

Thus,

By Theorem 1, this implies
REV(F)<c (1+1n k)SREV (F)+c’ SREV (F)

and hence Theorem 2.
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6. Proof of Theorem 3
By assumption, F; =F and hence F¢ =FC for 1 <i <k.

REV (1corp(r)Xr) =4-REV (F{ X - X Ff ),

BREV (1core(r)Xr) =4-BREV (F{ x - X Ff ),

where 1= Hle (1-pr,) €[1/4,1/e]. Let Y be the random variable
distributed according to F€, we consider two cases as follows.
Case 1: E, _pc(Y) < 10rF.
Then

k
REV (FC X XF{) < E,, _pc <ZY,>
1

i=

<10 krp =10 SREV (F).
Theorem 1 implies

REV(F) < ¢i-REV (F€ x - X FC) +¢'SREV (F)
<(10 cA+c’)SREV (F)
<(10 c+c¢')SREV (F).

Because

1
BREV(F1 X s XFk) ZZSREV(Fl X XFk)

by Lemma C (from ref. 16; see 1. Notations and Preliminaries), it
follows that

1

BREV (F) >~ SREV(]-‘) s o) RE

V(F).

Case 2: Ey,_pc(Y) > 10rF.

o)

Var(Y) < E(Y?) = / x* dF€(x)

/ O/O/ZSdeFC
=0/°°<Zch(x))zs dS=0/wPryNFc{st}2sds

krg

/2sds+2/s TFe s

=rk+rpc2(k—1)rp
<rE+4(k-1)

r% <4k r%.

Because y; are all independent, we have
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Var(ZY) =k Var(Y) <4k’

i=1

and by Chebycheff’s inequality,

1
Pr, _NFL{|Y]+ +Yk—E(Y1+---+Yk)|>§E(Y1+---+Yk)}

—_

K e
N 7= 5P <
(z500)

It follows that, by selling the k items as a bundle at price 1E
(Y14 +Y%), we get

BREV (F{ X -+ XF{) > =-E(Y  + -+ Yy)
[7]

X XFf).
Also, observe that

BREV (F{ x -+ xF{) >

[8]

It follows from Theorem 1 and Eqgs. 7 and 8 that
REV(F) < ¢ REV (1corer)Xr) +¢’ SREV (F)
= CAREV (F{ X --- X F{) +¢'SREV (F)

<?BREV(F1C X -+ X FE) +%BREV(F1C x

<8d C)BREV(FC o X FE)

xFE)

3 3

8 ’
( s >BREV(1CORE( Xr)

3 32
8¢ 4c’
5<3 3 )BREV(}')

This completes the proof of Theorem 3.

Remarks: As pointed out by a reviewer, the proofs of Theorems
2 and 3 actually show stronger results in special cases: in Theorem 2,
if F; is supported on [0,kr;], then REV (F;) > (c/logk)E(F;); in
Theorem 3, if F is supported on [0,4r|, then BREV (F X --- XF) >
ckE(F).
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